While soft robots have many attractive features compared to their hard counterparts, developing tractable models for these highly deformable, nonlinear, systems is challenging. In a recent paper, the authors published a non-classic, five-parameter constitutive relation for a rod-based model of a widely used, pneumatically actuated soft robot arm. It is natural to ask if the complexity of the relation can be eliminated by redesigning the actuator? To this end, finite element models and experimental results are used to further explore the five-parameter constitutive relation. For multiple designs of the pneumatically actuated soft robot arm, we are able to demonstrate how finite element models can be employed in place of experiments to specify the constitutive relations and how the relations are scalable by actuator length and applied pressure. Our primary result is the finding that the five-parameter constitutive relation is germane to pneumatically actuated soft robot arms and the parameters for this relation can be determined by three finite element simulations.
Of particular interest to the authors is the development of rod-based mod-24 els for soft robot actuators. As a first example, we considered the popular signing an actuator that has a simple constitutive relation with a minimum 38 3 number of parameters. In the present paper, we use finite element models 39 and experiments to explore a broad range of designs in the hopes of finding 40 actuators with the simplest possible constitutive relations. However, we find 41 that the five-parameter constitutive relation is germane to the wide range of 42 actuator designs we consider. In addition, we note that the parameters for 43 this relation can be determined by three finite element simulations.
44
In the sequel, we outline the parameterization routine and give detailed 
Material and Methods

52
In order to use a model based on rod theory to describe the mechanics 
Elastic Rod Model
60
Development of a rod-based model for the soft actuator starts by identifying the centerline of the rod with a material curve on the soft actuator. In and its position vector r relative to a fixed origin has the representation
To characterize the bending of the rod, we define an angle θ = θ(s), which is subtended by the unit tangent vector to the centerline of the rod with the horizontal:
∂r ∂s
= cos(θ(s))E 1 + sin(θ(s))E 2 . We also note the integral relations between the Cartesian coordinates x = x(s) and y = y(s) and the 5 angle θ = θ(s):
To model the experiments of interest, the end s = 0 of the rod is clamped, and 61 the pressure-induced deformation of the actuator is modeled by a pressure-62 dependent intrinsic curvature field: κ 0 = κ 0 (s, p). We also allow situations
63
where the other end (s = ℓ) of the rod is subject to a terminal load F ℓ ,
64
as illustrated in Figure 2 , which results in the force-induced curvature field 65 κ(s, p) of the current state.
66
The deformed shape of the rod can be found from the balance laws of the static case for linear and angular momentum:
Here, n = n(s) is the contact force in the rod, M = M(s)E 3 is the bending moment in the rod, and we have assumed that no body forces or tractions on the lateral surface of the rod are present. We assume that the bending moment M = M(s) is linearly dependent on the difference between the curvature κ of the current state and intrinsic curvature κ 0 of the reference state:
Here, D(s) is a position-dependent flexural rigidity and M 0 is a constant. In for which we introduced s = d, the position of discontinuity in D(s). In 71 addition, it is important to note that the intrinsic curvature κ 0 is not only 72 dependent on the pressure p, but also varies along the length of the rod:
74
For a rod subject to a terminal load F ℓ at s = ℓ, we can use (3) 1 to find that n(s) = F ℓ : that is, n(s) is constant throughout the rod. Noting that the bending moment vanishes at s = ℓ, we can then use (3) 2 to show that M(s)
can be determined from a measurement of r(s) and the terminal loading:
This identity is independent of the constitutive relation for the elastic rod 
Finite Element Model
78
We developed a finite element model of the soft robot actuator using 
113
After evaluating other constitutive models, such as the Neo-Hookean,
114
Mooney-Rivlin, and Yeoh models, using cyclic tensile tests, we concluded 115 that the best constitutive relation for the applications in this paper was a St. 
9
(a) gravitational effects, and, so, we ignored gravity in our finite element simu- 
146
The first pair of tests, Test I and Test II, is designed to determine κ 0 (s) as a function of p. To this end, a material curve A of length ℓ is identified that runs the length of the actuator, and the corresponding curve is identified 
where the prime denotes the partial derivative with respect to s and the sub- 
151
We use (6) in conjunction with Test II to determine the intrinsic curvature 
154
To verify that the curvature profile κ 0 (s, p) is not related to the bound-
155
ary conditions, we compared the deformation and the intrinsic curvature 156 produced in Tests I and II (cf. Figure 7) . After some initial alignment, we 157 found that the deformations for a given pressure coincided in both cases.
158
That is, the function κ 0 (s, p) was not affected by the clamping conditions To determine the parameters for the constitutive relation (4) for the bending moment, we turn to Test III. For a given pressure, we assume that κ 0 (s, p)
is determined when F ℓ = 0 in Test II. Then, in Test III, for a given F ℓ , the 13 position vector R of the material curve A on the actuator is recorded. The moment M(s) is determined using an identity and an identification:
where M(ℓ) = 0. The curvature κ can be determined using the identity 164 (6). For the finite element model, the moment can also be calculated by a 165 weighted integration of the traction vector through a cross-section. However,
166
we found that such a procedure gave noisy data, especially when the actuator 167 contains cells of isolated air chambers. The graphical representation of the relation (4) for the bending moment is displayed in Figure 9 (a). This figure shows the non-linear relation of the moment and curvature that we observed in our earlier experimental work that is reported in de Payrebrune and O'Reilly (2016b). For convenience, the bending moment is non-dimensionalized using the length ℓ and weight mg of the unpressurized actuator. Clearly, two distinct sections are visible with distinct flexural rigidities, which we denote by α 1 and α 2 , two intercepts which we denote by m 0 1 and m 0 2 , and an arc-length parameter d at which the flexural rigidity changes:
Values for the rigidities as the pressure is varied are shown in Figure 9 both Test II and Test III.
188
We also note that in addition to the intrinsic curvature and the flexural and we can state the relations
Scalability of the Parameters
with the reference parameters p = p 0 and ℓ = ℓ 0 . Regarding the limits of α 1,2 (·, ℓ i ) as the length of the actuator was varied and ∆p = p i − p 0 stays fixed, we found that
Here, we have denoted ∆p by ∆p fix to emphasize that it remains constant 208 during the limiting process. Thus, a soft actuator behaves like a rigid body 209 for ℓ i → 0, and as a string without flexural rigidity as ℓ i → ∞ (cf. Figure 13) . With the scaling relations (9) 1,2 , the rod model can be easily parame- 
Adaptation to Other Geometries
215
To validate the parameterization and scalings discussed, we modeled ac- 
